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MARIUS PAICU AND ZHIFEI ZHANG 

Abstract. In [9] is obtained a class of large initial data generating a global smooth 
solution to the three dimensional, incompressible Navier-Stokes equations. This 
data varies slowly in the vertical direction (is a function on 6^3) and has a norm 
which blows up as the small parameter goes to zero. This type of initial data 
can be seen as the "ill prepared" case (in opposite with the "well prepared" case 
which was treated in [6]- [8]). In [9] the fluid evolves in a special domain, namely 
0, — T% x R„. The choice of a periodic domain in the horizontal variable plays 
an important role. The aim of this article is to study the case where the fluid 
evolves in the full spaces K 3 , where we need to overcome the difficulties coming 
from very low horizontal frequencies. We consider in this paper an intermediate 
situation between the "well prepared" case and "ill prepared" situation (the norms 
of the horizontal components of initial data are small but the norm of the vertical 
component blows up as the small parameter goes to zero). As in [9], the proof uses 
the analytical-type estimates and the special structure of the nonlinear term of the 
equation. 



1. Introduction 

We study in this paper the Navier-Stokes equations with initial data which is slowly 
varying in the vertical variable. More precisely we consider the system 



(NS) < 



dtu + u ■ Vu — Au = —Vp in R + x $7 
div u = 

u\ t =o = u , £ , 



where Cl = M 3 and wo, e is a divergence free vector field, whose dependence on the ver- 
tical variable X3 will be chosen to be "slow" , meaning that it depends on ex 3 where e 
is a small parameter. Our goal is to prove a global existence in time result for the solu- 
tion generated by this type of initial data, with no smallness assumption on its norm. 
This type of initial data which is slowly varying in the vertical direction was already 
studied in [6] -[8] -[9]. We recall that in [8] is studied the case of "well prepared" initial 
data of the type {suq {xh, ££3), M{j(x/,, ££3)) and in [9] is studied the more difficult case 
of "ill prepared" initial data of the type (u h (xh, ££3), e~ l u 3 (xh, ££3))- In this paper, 
we consider the large initial data between the "well prepared" case treated in [B]-[S] 
and the "ill prepared" case treated in [9]. More precisely, our initial data is of the 
form 

uo,e = (£*u%(x h ,£x 3 ),e~2ul(x h ,ex 3 )). 
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The mathematical study of the Navier-Stokes equations has a long history. We 
begin by recalling some important and classical facts about the Navier-Stokes system, 
focusing on the conditions which imply the global existence of the strong solution. 

The first important result about the classical Navier-Stokes system was obtained 
by J. Leray [16] , and asserted that for every finite energy initial data there exists 
at least one global in time weak solution which verifies the energy estimate. This 
solution is unique in R 2 but unfortunately the solution is not known to be unique in 
three dimensional space. The result of J. Leray uses the structure of the nonlinear 
terms in order to obtain the energy inequality. The question of the uniqueness or of 
the regularity of the weak solutions is open. 

The Fujita-Kato theorem gives a partial response to the construction of global 
unique solution. Indeed, the theorem of Fujita-Kato [TT] allows to construct a unique 
local in time solution in the homogeneous Sobolev spaces Hi (M 3 ), or in the Lebsegue 
space L 3 (M 3 ) [14] . If the initial data is small compared to the viscosity \\uq\\ . i < 
cu, then the strong solution exists globally in time. This result was generalized 
by M. Cannone, Y. Meyer et F. Planchon [2] to Besov spaces of negative index 
of regularity. More precisely, they proved that, if the initial data belongs to the 

Besov space B PtOQ p (M 3 ), and verifies that it is small in the norm of this Besov space, 
compared to the viscosity, then the solution is global in time. More recently, in 
[15] is obtained a unique global in time solution for Navier-Stokes equation for small 
data belonging to a more general space of initial data, which is derivatives of BMO 
function. Concerning the methods to obtain such results, we recall that proving the 
existence of a unique, global in time solution to the Navier-Stokes equations is rather 
standard (it is a consequence of a Banach fixed point theorem) as long as the initial 
data is chosen small enough in some scale invariant spaces (with invariant norm by 
the scaling Xu(X 2 t, Ax)) embedded in -B^ 1 ^ (the Besov space) , where we recall that 

\\fWi-x t f SU ptl||e tA /|| i0 o. 

We refer for instance to [2].|lll|.[15j.[24j for a proof in various scale invariant function 
spaces. These theorems are general results of global existence for small initial data and 
does not take into account the any particular algebraical properties of the nonlinear 
terms in the Navier-Stokes equations. 

However, proving such a result without any smallness assumption or any geometri- 
cal invariance hypothesis, which implies conservation of quantities beyond the scaling, 
is a challenge. Little progress has been made in that direction: we will not describe 
all the literature on the question, but refer among others to [18], [2], [3], [5], [6]- [8], 
[9], [TO]) [21] and the references therein for more details. 

We recall briefly the examples of large initial data which gives global existence of 
the solution known in the literature. We first notice that for regular axi-symmetric 
initial data, without swirl, there exists a unique global in time solution for the Navier- 
Stokes system. This result is based on the conservation of some quantities beyond 
the scaling regularity level (see [23]). 

The case of large initial data (in some sense) for fluids evolving in thin domains 
was firstly considered by |21j. Roughly speaking, the tridimensional Navier-Stokes 
system can be seen as a perturbation of the two dimensional Navier-Stokes system if 
the domain is thin enough in the vertical direction. Generally, if the initial data uq 
can be splitting as uq = vq + u>o, with vq a two dimensional free divergence vector 
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field belonging to L 2 (Tfi) and wq G H? (T 3 ), such that 



| 2 2 2 \ 

lko||^ (T3) exp ^ ^2>J <cu, 

then the solution exists globally in time. 

The case of initial data with large initial vortex in the vertical direction (rot Uq = 
rot no + e _1 (0, 0, 1)), or equivalently the case of rotating fluids, was studied in [18J in 
the case of periodic domains and in [3] -[5] for the case of a rotating fluid in M 3 or in 
M 2 x (0, 1). When the rotation is fast enough the fluid tends to have a two-dimensional 
behavior, far from the boundary of the domain (this is the so called Taylor-Proudman 
column theorem [20J). For example, in the case where the domain is IR 3 the fluctuation 
of this motion is dispersed to infinity and some Strichartz quantities became small 
[3] which allow to obtain the global existence of the solution (when e small enough). 

An important issue for the Navier-Stokes equations is to use on maximum the 
algebrical structure of the nonlinear terms. Some results used in a crucial way this 
structure and allow to obtain very interesting new results. 

The case of the Navier-Stokes equations with vanishing vertical viscosity was firstly 
studied in [4] where the authors proved local existence for large data in anisotropic 
Sobolev spaces H°' s ,s > 1/2, and global existence and uniqueness for small initial 
data. One of the key observations is that, even if there is no vertical viscosity and 
thus no smoothing in the vertical variable, the partial derivative 83 is only applied 
to the component 113 in the nonlinear term. The divergence-free condition implies 
that 83113 is regular enough to get good estimates of the nonlinear term. In [10] the 
authors obtained the global existence of the solution for the anisotropic Navier-Stokes 
system with high oscillatory initial data. 

A different idea, but always using the special structure of the Navier-Stokes equa- 
tions, is used by J.-Y. Chemin and I. Gallagher [6] in order to construct the first 
example of periodic initial data which is big in C , and strongly oscillating in one 
direction which generates a global solution. Such initial data is given by 

Uq = {Nu h (x h ) cos(Nx 3 ), - div h u h {x h ) sm.(Nx3)), 

where H^/i Ilz, 2 (7~ 2 ) — C(lnN)s. This result was generalized to the case of the space 
M. 3 in 0. 

In the paper [8], J.-Y. Chemin and I. Gallagher studied the Navier-Stokes equations 
for initial data which slowly varies in the vertical direction in the well prepared case. 
The "well prepared" case means that the norm of the initial data is large but does not 
blow up when the parameter e converges to zero. We note that important remarks 
on the pressure term and the bilinear term were used in this paper in order to obtain 
the global existence for large data. 

The case of slowly varying initial data in the vertical direction in the "ill prepared" 
initial data was recently studied in [Sj. We note that the horizontal components 
has a large norm and the vertical component has a norm which blows up when the 
parameter goes to zero. After a change of scale of the problem, the system became 
a Navier-Stokes type equation with an anisotropic viscosity —uAhU — ve 2 8 3 2 u and 
anisotropic gradient of the pressure, namely —(Vhp,e 2 d3p). In this equation we can 
remark that there is a loos of regularity in the vertical variable in Sobolev estimates. 
To overcome this difficulty is needed to work with analytical initial data. The most 
important tool was developed in the paper of J.-Y. Chemin [3] and consisted to make 
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analytical type estimates, and in the same time to control the size of the analyticity 
band. This is performed by the control of nonlinear quantities which depend on 
the solution itself. Even in this situation, it is important to take into account very 
carefully the special structure of the Navier-Stokes equations. In [9] is obtained in 
fact a global in time Cauchy-Kowalewskaya type theorem. We recall also that some 
local in time results for Euler and Prandtl equation with analytic initial data can be 
found in [22]. 

In [9] the fluid is supposed to evolve in a special domain Q = T% x~R v . This choice 
of domain is justified by the pressure term. Indeed, the pressure verifies the elliptic 
equation A £ p = didj{u l ui), and consequently, VhP = {—^■e)^ 1 ^ hdidj(u l u^). Because 
we have that A J 1 converges to A^ 1 it is important to control the low horizontal 
frequencies. While in the case of the periodic torus in the horizontal variable we have 
only zero horizontal frequency and high horizontal frequencies. 

In this paper our goal is to investigate the case where the fluid evolves in the 
full space M 3 . In that situation, we are able to solve globally in time the equation 
(conveniently rescaled in e) for small analytic-type initial data. In the case of the 
full space M 3 we need to control very precisely the low horizontal frequencies. We 
also note that we can construct functional spaces where the operator A^ 1 V/i(aV/ l 6) 
is a bounded operator. However we still need to impose on the initial data more 
control of the regularity in the low horizontal frequencies (namely we impose that 
Uo(-,xs) € L 2 (M^)nij~2(R2^_ j n the vertical variable we need to impose analyticity 
of the data. The method of the proof follows closely the argument of [9] , but instead 
to use pointwise estimates on the fourier variables, we write an equation with a 
regularizing term in the vertical variable and we use energy estimates on anisotropic 
Sobolev spaces of the form H 0,s respectively H~2' s . 

Our main result in the case of the full space 1R 3 is the following (for the notations 
see the next section). 

Theorem 1.1. Let a be a positive number, s > \. There exist two positive constants 
£q and r\ such that for any divergence free fields vq satisfying 

\\e a ^v \\ H o,s + ||e a l^ || H _i, s < V, 

and for any e £ (0, £o), the Navier-Stokes system (NS) with initial data 

has a global smooth solution on M 3 . 

As we already explain above, in order to prove the main theorem 1 we will firstly 
transform the system using the change of scale 

u e (t,x h ,X3) = (e^v h (t,x h ,ex 3 ),e~^v 3 (t,x h ,ex3)) 

into a system of Navier-Stokes type, with a vertical vanishing viscosity, that is the 
Laplacian operator became —vA^y — e 2 d 3 v and a changed pressure term became 
-(V h p,e 2 d 3 p). 

Taking the advantage that we work in the full spaces M 3 , we can also consider a 
different type of initial data, with larger amplitude but strongly oscillating in the 
horizontal variables, namely, initial data of the form 

u e = (e~^VQ(e~ 1 x h ,x 3 ),e~^VQ(£~ 1 x h ,x 3 )). 
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However, this type of initial data has the norm on the same order as the initial 

data in the previous theorem. In order to solve the Navier-Stokes equations with this 
new type of initial data, we make the different change of scale, 

u £ (t,x h ,x 3 ) = (e~2v h (e~ 2 t,e~ 1 x h ,x 3 ),e'^v :i (e~ 2 t,e~ 1 x h ,x 3 )) 

and we note that the rescaled system that we obtain is exactly the same as that in 
the proof of theorem II .li Consequently, we also obtain the following result. 

Theorem 1.2. Let a be a positive number, s > \. There exist two positive constants 
Eq and r\ such that for any divergence free fields vo satisfying 

||e a l D3 ^o||^ + ||e a|1)3 ^ol! H -i, s <V, 

and for any e € (0,£o)i the Navier-Stokes system (NS) with initial data 

u l = {£~^Vo(£~ 1 x h ,X3),e~^Vo(e~ 1 x h ,x 3 )) 

has a global smooth solution on M 3 . 

2. A SIMPLIFIED MODEL 

Let us consider the following equation 

dtu + 7U + a(D)Q(u, u) = 

where a(D) is a fourier multiplier of order one and, Q is any quadratic form. Then, 
if the initial data verifies 



l^ollx = J e s ^u(^)d^ < C7 whith a > 



then we have a global solution in the same space. We follow the method introduced 
in [9] and [3]. The idea of the proof is the following, we want to control the some kind 
of quantities on the solution, but we must prevent the possible loose of the rayon of 
the analyticity of the solution. Let us introduce 8(t) the "loose of analyticity" , such 
that 6{t) = J e^-^^luiOldt, 0(0) = 0. We denote by $ = (a - A0(t))|f| and we 
define 



9(t) = J M£M = IMIx, 0(o) = o. 

The computations which follow are performed under the condition 0(t) < a/A (which 
implies $ > 0). The equation verified by is the following 

dtiiq, + 7«$ + \6(t)\£\uq, + a(f )e*(«2) = 0. 
As 9 > 0, after integration in £, we obtained the following equation 

<9t||u$||x + 7ll'Mlx + A0(i) j < C /"|£||u$|*|u$|(f)d£- 
As |£| < |£ — 77 1 + [77I, we obtain 

j \i\u%*u^{i)d^<2(J mum) (J = 2 ^(*)(/ KIM^Y 

So, choosing A = AC we obtain 

0(t) = \\u^t)\\ x <2\\e a ^ Uo \\ x e-^ 
which, for uq small enough, gives 

0(t) <7" 1 ||e a l D l-u ||x <a\-\ 
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This allows to obtain the global in time existence of the solution. 

3. Structure of the proof 
3.1. Reduction to a rescaled problem. We seek the solution of the form 

u e (t,x) d = (e^v h (t,x h ,ex3),e~^v 3 (t,x h ,ex3)y 

This leads to the following rescaled Navier-Stokes system 

8 t v h - A h v h - e 2 dlv h + e^v- Vv h = -V h q, 
8 t v 3 — AhV 3 — £ 2 8 2 v 3 + £2 v ■ Vv 3 = —£ 2 8 3 q, ^ -q 



(RNS £ 



divv = 0, 
, v(0) = v (x), 



where A^ ^ 8\ + 8\ and A = (81,82)- As there is no boundary, the rescaled 
pressure q can be computed with the formula 

- A £ q = £?div h (v ■ Vv), A £ = A h + e 2 8l (3.2) 

When e tends to zero, A^ 1 looks like A^ 1 . Thus for low horizontal frequencies, an 
expression of V^A^ 1 cannot be estimated in 1? . This is one reason why the authors 
in [9] work in T 2 x R. To obtain a similar result in R 3 , we need to introduce the 
following anisotropic Sobolev space. 

Definition 3.1. Let s,a 6 R, a < 1. The anisotropic Sobolev space H a,s is defined 
by 

H°> s = {/ G S'(R 3 ); \\f\\ H „s < 00}, 

where 

\ 2 H „,s d = [ |a| 2CT (l + |6l 2 )l/(0l 2 ^, £ = 

JR 3 

For any /, g € H a ' s , we denote 

(f,9)H°,* = (\D h \°(D 3 ) s f, \D h r{D 3 ) s g) L2 , (D 3 ) = (1 + \D 3 \ 2 )h . 
We prove that 

Theorem 3.2. Let a be a positive number, s > \. There exist two positive constants 
£q and r\ such that for any divergence free fields vq satisfying 

l|e a|D3 ^olko, s + He^^oll^i,, < V , 

and for any e € (0,£o), (RNS £ ) has a global smooth solution on R 3 . 

3.2. Definition of the functional setting. As in [9], the proof relies on exponential 
decay estimates for the Fourier transform of the solution. Thus, for any locally 
bounded function ^ on R + x R 3 and for any function /, continuous in time and 
compactly supported in Fourier space, we define 

Now we introduce two key quantities we want to control in order to prove the theorem. 
We define the function 0(t) by 

m = 44ml hs + H(t)f H i, s and 0(0) = 0, (3.3) 
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and we also define 



where 



¥(t) = f \\v*(t)\\ 2 H0,. + f l|V h «*(r)|||o,.dr, (3.4) 
J o 



$(t,£)= f (a-A^))|£ 3 | (3.5) 



for some A that will be chosen later on. 



3.3. Main steps of the proof. 



Proposition 3.3. A constant Co exists such that, for any positive A and for any t 
satisfying 9(t) < a/A, we have 



9(t) < exp(C tf W) \\\e a ^v \\ 2 1 s + C f 0(r)tf (r)dr 
L H 2 ' Jo 

Proposition 3.4. There exist Ci and Ao such that for A > Ao and for any t satisfying 
9(t) < a/A, we have 

*(t) < ||e a ' i,8 l«o||| r o > .exp(C , i*(t)). 

The proof of Proposition 13.31 and 13.41 will be presented in section 4 and section 
5 respectively. For the moment, let us assume that they are true and conclude the 
proof of Theorem 13.21 As in [9], we use a continuation argument. For any A > Ao 
and 77, let us define 

T\ d = {T : 6(T) < 4rj 2 , (T) < 2r/ 2 }. 

Similar to the argument in [S], T\ is of the form [0, T*) for some positive T* . Thus, 
it suffices to prove that T* = +00. In order to use Proposition 13.31 and 13.41 we need 
to assume that 0(T) < j-, which leads to the condition 

, 9 a 
4 " A" 



(3.6) 



From Proposition 13.31 and 13.41 it follows that for all T € T\, 

9{T) < exp(2C oV 2 )( V 2 + 2C 0V 2 9(T)), 
*(T) < 77 2 exp(2Ci?7 2 ) 

Now we choose r/ such that 

exp(2C 77 2 ) < 2, exp(2Cir/ 2 ) < 2, 4C r/ 2 < \. 

With this choice of 77, then we infer from (|3.6p that 

5(T) < 4r/ 2 , *(T) < 2r/ 2 , (3.7) 
which ensures that T* = +00, thus we conclude the proof of Theorem 13.21 □ 
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4. The action of subadditive phases on products 

For any function /, we denote by / + the inverse Fourier transform of |/|. Let 
us notice that the map / \—* f + preserves the norm of all H a,s spaces. Throughout 
this section, ^ will denote a locally bounded function on IR + x M 3 which satisfies the 
following inequality 

*(t,0 <^{t^- V ) + ^(t, V ). (4.1) 

Before presenting the product estimates, let us recall the Littlewood-Paley decom- 
position. Choose two nonnegative even functions x, 92 G <S(R) supported respectively 
in B = G R, (CI < §} and C = G M, § < |f | < §} such that 

+ 5>(2 -i £) = 1, for £ G R, 
i>o 

^^(2-^) = l, for £gR\{0}. 

The frequency localization operators AJ and SJ in the vertical direction are defined 
by 

A]f = T- 1 {v(2- j M)f) forj>0, S v J f = T- 1 { X {2- 1 M)f) = E A i'/' 

A v _ 1 f = S v f, A|/ = forj < -2. 

And the frequency localization operators A^ and in the horizontal direction are 
defined by 

AJ/ = ^" 1 W i l^l)/). s i/= E A ?'/> forjez. 

It is easy to verify that 

\\f\\ 2 H „s « J] 2^2 2fcCT ||AJA^||| 2 . (4.2) 

In the sequel, we will constantly use the Bony's decomposition from [I] that 

fg = Tjg + R}g, (4.3) 

with 

v />/ = E SJ-i/A^, /,',, = E 

3 3 

We also use the Bony's decomposition in the horizontal direction 

fg = Tfg + T?g + R h (f,g), (4.4) 

with 

T f9 = Y. s Uf^9, R h (f,g)= E A jf^3'9- 

3 \3'-3\<l 

Lemma 4.1. (Bernstein's inequality) Let 1 < p < q < 00. Assume that / G L p (R d ), 
then there exists a constant C independent of /, j such that 

supp/ C < C2*'} => ||d Q /|| L9 < C72 j|Q|+ * ( F-i)||/|| LP , 
supp/ C {±2* < |e| < C2^'} => I/Hip < C2^'H sup 

° l/3| = H 
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Lemma 4.2. Let s > i,o"i,o"2 < 1 and o\ + 02 > 0. Assume that £ H ai,s and 
6* G £P 2 ' S . Then there holds 

||[AJA*(0)Ul» + ||[AjAt(K&)]^|U 2 < C^ 1 -*- ^•||a»|| fl ^..||6»||fl^.. ) 
with the sequence (cj t k)j,kez satisfying cj^ < 1. 

Proof. Let us firstly prove the case when the function \& is identically 0. Below 
we only present the proof of R a b, the proof for T a b is very similar. Using Bony's 
decomposition (|4.4j) in the horizontal direction, we write 



AjAfe(iO) = 5>JA*(S?, +2 aAJ,6) 
i' 

= J] A l A "( T 5;, +2 aA^ + Tk }b S], +2 a + i^, +2 a, AJ,6)) 
3' 

:= I + 11 + III. 



Considering the support of the Fourier transform of T™ A",&, we have 

j'+2 J 

/= E E AjAj^, +2 Sfc_ 1 aAJ,Afc&). 

j'>j-4 |fc'-fc|<4 

Then we get by Lemma 14. II that 

\\I\\v < C E H^ +2 ^_ 1 oA J vA^6|| La 

j'>j-4 |fe'-fe|<4 

< c E E ii^ +2 4-i«iu-iiA>A^n i2 . 

j'>j-4 |fe'-fe|<4 
We use Lemma 14,11 again to get 

\\Sji+2 S k'-i a \\L°° ^ E E l|A/'Afc//a|| L oc 

j"<j'+l k"<k'-2 

< ^ E E 2 fc "||A^A^a|| L . L|h 

j"<j'+l k"<k>-2 

< C E E 2^2 fc "||A>A^,a|| i2 

j"<j'+l k"<k'-2 

< C2^~^ k \\a\\ H ^,s, 

from which, it follows that 

Hllb < C^-^IM^.. J]) E H A i' A ^IU 2 

j r >j-4 |fe'-fc|<4 

< Cc^-J^-^-^Mh^AMh^. (4.5) 

Similarly, we have 

11 = E E AjAftAJ^fcW&a). 

j'>j-4 \k'-k\<4 
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Then we get by Lemma |4. II that 

\\II\\& < C Y \\ A f S k'~iHL% 3 L^ h \\S], +2 A^a\\ L 2 hL ^ 

j'>j-4 |fc'-fc|<4 

< C2- js 2^-^- a ^ k \\a\\ H ^,s\\b\\ H ^,s Yj Y 2~ ij '~ j)s ck>c f 

j'>j-4 |fc'-fc|<4 

< Cc^ k 2-^2^- ul - a ^ k \\a\\ H ^s\\b\\ H , 2 ,s. (4.6) 
Now, let us turn to III. We have 

HI= Y Y A]A h k (S] l+2 A h k ,aA],A h k ,,b). 

j'>j-4k',k">k~2;\k'-k"\<l 
So, we have by Lemma |4. II that 

<C Y Y 2 fe ||^ +2 A^A«,A^6|| ii3 ^ 

j>>j-4 k',k">k-2;\k'-k"\<l 

- C Y Y 2fc H 5 'J'+2 A fc'a|| L oo i 2j|AJ,A^6|| L 2 

f>j-A k' ,k">k-2;\k'-k"\<l 
<C2- js 2 (1 - ai - a ^ k \\a\\ H * 1 ,s\\b\\ H « 2 ,s Y Y 2~ {ai+a2W ~ k) 2~ (j '~ j)s Ck'Cf 

j'>j-4fc'>fc-2 

< Cc^ k 2- js 2 {1 -^- a ^ k \\a\\ H ^s\\b\\ H « 2 ,s. (4.7) 
Summing up (|4.5j) - (j4.7jl , we obtain 

||AJA^(i? a 6)|| L2 < Cc^-^-^-^^Hall^i-l^ll^^. 

The lemma is proved in the case when the function ^ is identically 0. In order to 
treat the general case, we only need to notice the fact that 

^[AjA^Rab)]^)] < ^[A i A£(i? 4 &+)](£). 

This finishes the proof of Lemma 14.21 □ 
As a consequence of Lemma 14.21 and fj4.2j) , we have 

Lemma 4.3. Let s > |,<7i,<72 < 1 and a\ + a 2 > 0. Assume that ay £ H ai,s and 
by e H a2 ' s . Then there holds 

|| (a6)vji ||^<t 1 +(T2-i,s < C||a^r||ij' ir i' s |pit||H CT 2' s - 

5. Classical analytical-type estimates 

In this section, we prove Proposition 13.31 In this part, we don't need to use any 
regularizing effect from the analyticity, but only the fact that the e*^'^ 3 -* is a sublinear 
function. 

Notice that dtv$ + \8(t)\D3\v$ = (dtv)y, we find from (|3.ip that 

' d t v% + \e{t)\Dz\v% - A h v% - e 2 div% + e^(v Vv h )$ = -V h qy, 
d t v% + X9(t)\D 3 \vl - A h v'l - e 2 dlv% + e^(v Vv 3 )q> = -e 2 d 3 q^>, / 5 _-q 
divv$ = 0, 
„ $ (0) = e a \ D ^v {x). 

Step 1. Estimates on the vertical component v\ 
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Note that 9{t) > 0, we get from the second equation of (|5.ip that 
\jt hlit K'^ + \\Vhvl{t)f HA , a + \\ed,v%(t)f HA>s 

< -e^(v h ■ V h v%,vl) H _i^ a + ((v 3 dw h v%,vl) h _i s - e 2 (d 3 q^,vl) H _ 
def 



I + 11 + III. (5.2) 
Here we used the fact that divv = such that 

v ■ Vv 3 = v h ■ VhV 3 - v 3 div h v h . 
For II, Lemma 14.31 applied gives 

\II\ < eH{v 3 div h v h M H _,Jv%\\ H ^ a 

< Ce l 2\\v%\\ Hhs \\V h v%\\ H nA\vl\\ H -^s 

< i^H4ll^, s + c e ||v fe 4llk s |l4ll 2 H _i, s - (5.3) 



For /, we get by integration by parts that 

dot' 

'Hi-" ' ' " ' ! ' ' // i 

As in (|5.3p . we have 

1 



I = e\ ((div h v h v 3 U, v 3 ) i s + ((« V)*, V h «|) i,, d = /i + J 2 . 



l^il< M Kli;i, s + c £ ||v^ll^KII^_i, s , (5-4) 



3 1 1 2 , /o^iiw „.ftl|2 IL.3 || 2 

^ 10 qII 

and by Lemma 14.31 

\h\ < ^\\(v 3 v%\\ H _ h JV h vl\\ H _ hs 

< C6i||i4llflo,.||4|| jii .||v & 4ll a -i.. 

< c £ ||4llWll4ll^, s + I ^llv,4ll^i, s - (5.5) 

Now, we turn to the estimates of the pressure. Recall that the pressure verifies 

-A £ p = e\ [didjiv'vJ) + did^v 3 ) - 2d 3 (v 3 dw h v h )] . 

Here and in what follows the index i,j run from 1 to 2. Thus, we can write p = 
p 1 + p 2 + p 3 with 

p 1 = ek-&sr 1 d i d j (v l vJ), 

p 2 = eH-&e)- 1 d i d 3 (v i v 3 ), (5.6) 
p 3 = -2e^(-A £ )- 1 d 3 {v 3 dw h v h ). 
We get by integration by parts that 

e 2 (d 3 pl,vl) H _ ls = -e(pi,ed 3 vl) H _ ha < Ce 2 ||4||^_ , s + J^^lH^i,,, 

which together with the fact that the operator didj(— A e ) _1 is bounded on H a,s and 
Lemma 14.31 implies that 

^34,4)^ < cs 3 \\(v h ®v%\\ 2 H ^ s + -L||^ 3 4ll 2 H -i, 3 

< ^ 2 ll^4ll^Jl4ll 2 Ho, + 1 ^ll^34ll 2 ^_i, s - (5-7) 
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For the term containing p2, we get by integration by parts that 

e 2 (d 3P l,vl) H _ ha = -^(^(-A^-Vv 3 )*.^!)^,., 
then using the fact that (e9s) 2 (— A e ) _1 is bounded on H a,s and Lemma 14.31 we have 
e 2 (d 3 pl,vl) H _i, s < Ce^\\(v 3 v%\\ H ^jV h vl\\ H _ hs 

< ^11411^11411^ + ^1^,411^,^. (5.8) 

For the last term coming from j>3, we use again the fact that (ed 3 ) 2 (— Ae)^ 1 is bounded 
on H a ' s and obtain 



e\d 3P %,v%) H _ hiS < Ce3||(w 3 divv fc )*|| J? _ i ,.t|w||| zr _ i> 

„3 



< Cei\\vl\\ H iJV h v§,\\ H o, s \\vl\\ H _i ta 

< c £ ||v,4llk s |l4ll^i, s + i^H4ll^, s ■ (5.9) 

Summing up (j5T2|) - (f53]) and ff57T|) - (f579|) . we obtain 

||I4WII^,, S + II4WII^ 

< q|v,4i|^||4ll 2 i . + c(U4t j. . + \\M\\ 2 iJ\\4\\ho,. (5.10) 

ti 2 fi 2 fi 2 

Here we used the fact that 

llv,4ll 2 H -i, s « II4II^ S - 

Step 2. Estimates on the horizontal component v$ 

From the first equation of (|5.ip . we infer that 

^ll^4Wll^i, s + ll^v,4WI!^i, s +^ll^ 3 4Wll^i, 3 

< -e((vVv h )*,e$v$) H _ hi .-e(V h q*,v$) H _i, a d =I + II. (5.11) 
We rewrite / as 

I = ~e{{v h ■ V h v%,eh*) H _ hiS - e((v 3 d 3 v%, e*4) H _ i d ^ h + h- 
Lemma 14.31 applied gives 

< £|K^v^) $ || H „ij| £ l4||^_i iS 

< Ce\\vl\\ Hh jV h v%\\ H0 ^v%\\ H _ h 



1 



< 1^11^411^, + c £ ||v,4llk s |l^4ll^i, s - (5.i2) 

For I2, we use integration by parts and divt; = to get 

I 2 = -e((diY h v h v%,s^) H _ hs + ((v h v%,8hd 3 v^) H _ hs , 

As in (|5.12p . we have 

I/21I < ^oll^4ll 2 H i, s + C e ||V,4||^o, s ||^4ll^i lSl (5-13) 
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and by Lemma 14.31 

|/ 22 | < 11(^)^11^1^1 H^tll^ 

< c|i4|| fl o,.||4ll„i,.^ll^4l 



< I ^^ll^34ll^, s + c|l4llk s |l4ll^ iS . (5.i4) 

In order to deal with the pressure, we write p = p 1 + p 2 + p 3 with p l ,p 2 ,p 3 defined 
by (|5.6p . Using the fact that the operator didj(— A £ ) _1 is bounded on H a ' s and 
Lemma 14.31 we have 

e{V h p\,v%) H _i, s = -E{(-& £ )- l did j (v i v j )<5 >) e^&v h v'l) H _i, a 

< Cs\\{v h ®v h )^\\ H _ hs \\e^ h v%\\ H _ ha 

< C- £ 5|| £ l4||^ s ||4|| H0 , s || e lv ft 4|| H _i iS 

For the term coming from P2 , we integrate by parts to get 

<y h pl,vl) H -^ s = -(eW-A.rV^k^div^t)^, 
then note that ed^di{— A e ) _1 is bounded on H a ' s , we get by Lemma 14.31 that 

e{V hP l,v%) H _ ha < C\\(v 3 v%\\ H _ hs \\8hv h v^\\ H _ hs 

< C\\vl\\ H ,JvUH0,4^hvU H -^ 

< Clklll^iJblllHO. + ^II^V^Ill^i,,- (5-16) 



Similarly, we have 



e(V ft 4,4) ff -i lS < C\\(v 3 div h v%\\ H _iJe^\\ H _i >3 

< C\\vl\\ Hh jV h v^\\ H o4e^\\ H - h , s 

< I ^ll4ll^, s + c||v ft 4ll^||^4ii^^ s . (5.17) 

Summing up (|5.1ip - (|5.17p . we obtain 

slk*«4wili- 1 , + M«4wil^-sl«tlij- 

< c||v t 4ii|o,.||£'4ll 2 „_.„ + c(ii4ll 2 H .„ + lM4ll 2 „> „)ll4lll,o„.(5.i8) 

Step 3. Estimate on the function 6{t) 
Combining (|5.1(jp with (|5.18|) . we obtain 

^{\\Mm 2 HA , a + ii4(*)ii^i,j + (ii^4wii^, s + \\vUt)\\ 2 Hh , a ) 

<c\\v h vU 2 H0 ,s (\\eH\\ 2 H - h s + H\\ 2 H - ha ) 
+c(|| £ l4il^ lS + ll4ll^,Jll4llk- 
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from which and GronwalFs inequality, it follows that 



2 4- Hi; 3 



+ 



-^-^)ii^i, s + ll4Wll^i > J^ 



<exp(C / \\V h v^(T)\\ 2 H0 , 3 dT) 



+C 



|e a '^ || 2 ls + 



\M(t)\\ 2 i s + \\vI(t^ 



i,)ll4(r)|||o,.dr 



e"— u ||-„_i s + C / 0(r)^(r)dr 



In particular, we have 

9(t) < exp(C^(t)) 
This finishes the proof of Proposition [37 

6. Regularizing effect du analyticity 



= ^3| ?;n ||2 



□ 



Let's now prove Proposition 13.41 Here we will encounter two kinds of bad terms, 
where we lose a vertical derivative. The first one is (v 3 d 3 v h )^>. We will see that in an 
energy estimate, we have no loss of vertical derivative in this term (by integrating by 
parts, using commutators and of course d 3 v 3 = —divhV h )- In the term Vp, we really 
lose a vertical derivative. 

Step 1. Estimates on the horizontal component v 1 ^ 

Let us recall that v 1 ^ verifies the equations 

8 t v% + \Q{t)\D 3 \v% - A h «& - e 2 dlv% +e?(v Vv% = -V h qt>. 
Note that 9 > 0, we perform an energy estimate in H°' s to obtain 

2 ^H^HiW + ^(*)ll ?; *llfl'0, s +i/2 + 1 1 Vh willies + ||e93i;||| 2 ? o, s 

< E5((u h ®v h )t,,V h v%,) H o,s -£^(d 3 (v 3 v%,v^) H o, a - (V h p<s>,v%,) H o, a 
def 



I + 11 + III. 
We get by Lemma 14.31 and the interpolation that 

|J| < Ce*\\(v h ® v h )§\\ H a, s \\V h v%\\ H o, s 

< Ce^\\v%\\ H iJ\v%\\ H iJ\V h v%\\ H0 ,s 

< Ce^ \\v$\\ H o,s \\v$\\ H i,s \\V h v$\\ H o,s 



(6.1) 



(6.2) 



In order to estimate II, we use Bony's decomposition (|4.3p to rewrite it as 



def 



II = -e2(d 3 (T^ h v 3 h,v^) H0 , B - E2(d 3 (R v V3 v n )$,v%) H o, s = II X + II 2 . 
From the proof of Lemma 14.21 it is easy to find that 

\Ih\ < C\\\D 3 \\{Rl 3 v h )^\\ H _ h J\\eD 3 \^D h \^v%\\ H ^ 



< C||-y|ll--i .11'" 



Ill^o.s+i \\^eV h \\ H o.° 



< cn4il^.,ii4ll 2 „,, t , + ^liv et ,'-' 



1 

100 1 



HO,- 



(6.3) 
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Due to divv = 0, we rewrite II± as 

Ih = e*({T%divv%,vk) H o,.-e^{T^^r?)*,4) HO ,. = f II n + II 12 . 
Using Lemma 14.21 we have 



\ihi\ < ^IICO di ™ fc )*ll„-U u *U. 



< Ce^\\vl\\ Hh jV h v^\\ H o, s H\\ Hhs 

< ^11411^11411^ + ^1^.411^. (6.4) 



From the proof of Lemma 14.21 we can conclude that 

..A i, 
\H°' S 



\Hn\ < C\\vl\\ Hh M\\ H( , s+i \\V £ v hi 



< Ce\\v%\\ 2 H0 , a \\v%f Hha + —HV^II^. (6.6) 



We next turn to the estimate of the pressure. Recall that p = p 1 + p 2 + p 3 with 
p l ,p 2 ,p 3 defined by (|5.6p . Using the fact that (— A £ )~ 1 didj is bounded on H a ' s and 
Lemma 14.31 we get 

{V hP\>,v%) H o, s = -£5((-AJ- 1 d i <9 i (vV)$,div4)iyo, s 

< Ce5 \\(v h ®v%\\H0,s || V ft 4 llflt).. 

< c e ^|i4ii^ji4ii^j|v ft 4i^o, 

i 

100 

Notice that didj(— A e ) _1 is bounded on H a,s , then exactly as in the estimate of II, 
we can obtain 

(V h p%,v^) H o, s 

<c|I4II^,j4II^ +^11411^11411^ + ^1^^11^- (6-7) 

We write 

V hP3 = -2a 3 |A3r^(V A |^|5| e Z)3r /2 (-A e )- 1 )|^r^^ 3 div h i; h ) 

thus, 

(V h p|,^)^ , s = -2((V ft ,|^|i|^ 3 |i(-A e )- 1 )|Z) ft |-i(T; 3 div h ^),03l^3r*^)i7o lS . 

Note that V^l-D^l 2 |eZ) 3 |a(— A e ) _1 is a bounded operator on H a,s , we get by Lemma 
S3] that 

(v ft ,4,4w < ciiiz? /l r i / 2 ( W 3 div^)ii / ,o, s ||93| J D 3 r^4ibo.= 

< C\\v'i\\ H i s \\V h v^\\ H0>s \\v h \\ H0 , 3+ x/2 

< C\\vl\\ 2 Hh ^\\ 2 H0iS+1/2 + -^\\V h vk\\W (6-8) 



Summing up (|6.ip - (]6.8p . we get by taking A big enough that 

J t H(t)\\ 2 H0,s + \\Vh4(t)\\H°,' < C\\4\\ 2 H°,s\\Vhvl,\\ 2 H0,s- (6-9) 

Step 2. Estimates on the vertical component u| 
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Recall that v 3 ^ verifies the equation 

d t v% + Xe(t)\D 3 \v% - A h vl - e 2 dlv% + e^{v Vv 3 )$ = -£ 2 d 3 q<s>. 
We perform an energy estimate in H 0,s to obtain 

^ |U,3 ||2 , i|v7 „,3 i|2 , ||_q „3 ||2 
2~dt vhV$\\ H o,s -+- \\ eo 3 v ^\\h ^ 

< -e^((v h • V h v 3 )<s,,vl) H o,s +e^((v 3 dw h v h )^,vl) H o,s - e 2 (d 3 p^>, v%) H o,s 
= 1 + 11 + 111. (6.10) 
Using Lemma 14.31 and the inerpolation, we have 

|/| < C£^\\v%\\ H lJ\V h V%\\ H0 , s \\v%\\ H l ja 

< Ce(\\i4\\ 2 H0 ,.\\v&\\ 2 Hl ,. + ||4|||o, s ||4|||m) + -^\\Vhvl\\ 2 H o,s, (6.11) 

and 

|//| < C£^\\vl\\ H ijV h vl > \\ H0 ,s\\vl\\ H i s 

< Ce\\vlf H0 , s \\V h vU 2 H0 , s + ^||V fc 4llH0... (6.12) 
Using the decomposition (|5.6p . we can similarly obtain 

\III\ < Ce\\v^\\ 2 H0tS \\V h v<s,\\ 2 H0tS + y^I|V^|||^o, s - (6.13) 
Summing up (|6.10p - (|6.13p . we obtain 

^II u IIIho, s + ||Vhv||[^ , s < Cell^H^o^llVh^H^o,^ (6.14) 
Combining (|6.9p with (|6.14p . we get 

^II^IIh ' 8 + l|V/iu$||jyo,« ^ cil^ll/f ' 8 ||V/iu$||^o, s , 

from which and GronwalFs inequality, we infer that 

ft 



\v<s>(t)\\ 2 H0 ,s 



^o, s exp(C / \\VhV^{T)\\ 2 H o, a dT), 
Jo Jo 



that is, 

tf(t) < \\e a ^v \\ 2 HO ,sexp(C^(t)). 
This finishes the proof of Proposition 13.41 □ 
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